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Abstract. Consider a pronilpotent DG (differential graded) Lie algebra over a 
field of characteristic 0. In the first part of the paper we introduce the reduced 
Deligne groupoid associated to this DG Lie algebra. We prove that a DG Lie quasi- 
isomorphism between two such algebras induces an equivalence between the 
corresponding reduced Deligne groupoids. This extends the famous result of 
Goldman-Millson (attributed to Deligne) to the unbounded pronilpotent case. 

In the second part of the paper we consider the Deligne 1-groupoid. We show 
it exists under more relaxed assumptions than known before (the DG Lie algebra 
is either nilpotent or of quasi quantum type). We prove that a DG Lie quasi- 
isomorphism between such DG Lie algebras induces a weak equivalence between 
the corresponding Deligne 2-groupoids. 

In the third part of the paper we prove that an L-infinity quasi-isomorphism 
between pronilpotent DG Lie algebras induces a bijection between the sets of 
gauge equivalence classes of Maurer-Cartan elements. This extends a result of 
Kontsevich and others to the pronilpotent case. 
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0. Introduction 

Let K be a field of characteristic 0. By parameter algebra over K we mean a 
complete local noetherian commutative K-algebra R, with maximal ideal m, such 
that R/m = K. The important example is R = IK[[/i]], the ring of formal power 
series in the variable h. 
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Let {R, m) be a parameter algebra, and let g = ®iez fl' ^ DG (differential 
graded) Lie algebra over K. There is an induced pronilpotent DG Lie algebra 

iez 

A solution <jj e m 0^ of the Maurer-Cartan equation 

d(a;) + l[a>,a>] =0 

is called an MC element. The set of MC elements is denoted by MC(0,R). There 
is an action of the gauge group exp(m 0*^) on the set MC(0, R), and we write 

(0.1) MC(0,i?) :=MC(0,R)/exp(m®0°), 

the quotient set by this action. 

The Deligne groupoid Del(0, K), introduced in IIGML is the transformation 
groupoid associated to the action of the group exp(m§)0°) on the set MC(0,R). 
So the set ttq (Del (0,i?)) of isomorphism classes of objects of this groupoid equals 
MC(0, R). In [GM Theorem 2.4] it was proved that if R is artinian, q and f) are DG 
Lie algebras concentrated in the degree range [0, oo) (we refer to this as the "non- 
negative nilpotent case"), and (p : q —> I) is a DG Lie algebra quasi-isomorphism, 
then the induced morphism of groupoids 

Uel{(p,R) : Del(0,K) Del(fi,-R) 

is an equivalence. 

We introduce the reduced Deligne groupoid T)eV{Q,R), which is a certain quo- 
tient of the Deligne groupoid T)el{g,R); see Section [2] for details. If the Deligne 
2-groupoid T)el^{g,R) is defined (see below), then 

(0.2) Der(0,R) = 7ri(Del2(0,K)). 

However the groupoid T)eV{Q,R) always exists. This new groupoid also has the 
property that 

7To(Del'-(0,K)) =MC(0,K). 

Here is the first main result of our paper. It is a generalization to the un- 
bounded pronilpotent case (i.e. the DG Lie algebras g and f) can be unbounded, 
and the parameter algebra R doesn't have to be artinian) of |GM Theorem 2.4]. 
Our proof is similar to that of [GM, Theorem 2.4]: we also use obstruction classes. 

Theorem 0.3. Let R be a parameter algebra over K, and let (p : q ^ \) be a DG Lie 
algebra quasi-isomorphism over K. Then the morphism of groupoids 

Uel'{(p,R) : Def(0,K) ^ T>el'{ij,R) 

is an equivalence. 



This is Theorem 4.2 in the body of the paper. 

A DG Lie algebra = 0' is said to be of quantum type if 0' = for all 

i < —1. A DG Lie algebra g is said to be of quasi quantum type if there exists 
a DG Lie quasi-isomorphism 0^-0, for some quantum type DG Lie algebra 0. 



Important examples of such DG Lie algebras are given in Example 6.2 In Section 
|6]we prove that if R is artinian, or if is of quasi quantum type, then the Deligne 
2-groupoid DeF(0,K) exists. The original construction (see lGe|) applied only to 
the case when R is artinian and is of quantum type. 



Here is the second main result of this paper (repeated as Theorem 6.13| : 
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Theorem 0.4. Let R be a parameter algebra, let g and t) be DG Lie algebras, and let 
(p : i]bea DG Lie algebra quasi-isomorphism. Assume either of these two conditions 
holds: 

(i) _R is artinian. 

(ii) Q and f) are of quasi quantum type. 
Then the morphism of 2-groupoids 



Del^{cp,R) : Del^(0,_R) ^ Del^(f),R) 



is a weak equivalence. 



The proof of Theorem 0.4 relies on Theorem 0.3 via formula 1 0.2 1. Theorem 
|0.4| plays a crucial role in our new proof of twisted deformation quantization, in the 
revised version of IIYe4l . 

An Loo morphism 4> : g — )• f) is a sequence O = {</'/}/>! of K-lrnear fimctions 

that generalizes the notion of DG Lie algebra homomorphism <p : g ^ (). Thus (pi : 
g ^ f) is a DG Lie algebra homomorphism, up to a homotopy given by ^2'> and so 
on. See Section [7| for details. The morphism <$> is called an Loo quasi-isomorphism 
if ^1 : — > () is a quasi-isomorphism. The concept of Loo morphism gained 
prominence after the Kontsevich Formality Theorem from 1997 (see IIKo2l '). 
An Loo morphism <$> : q ^ \) induces an R-multilinear Loo morphism 

*R = {'pR,j}j>i : ^ m® [). 

Given an element a; e m (3 0^ 

;>i ' ' 



(0.5) 



) 0" we write 
MC(cD,R)(a;) 



This sum converges in the m-adic topology of m f)^. It is known that the function 
MC(0, K) sends MC elements to MC elements, and it respects gauge equivalence 
and 



8.2 



8.7 1. So there is an induced fimction MC(0, R) from 



(see Propositions 
MC(0,_R) toMC(f},R). 

Here is the third main result of our paper. 

Theorem 0.6. Let and [) be DG Lie algebras, let R be a parameter algebra, and let 
^ : Q ^ l^be an Loo quasi-isomorphism, all over the field K. Then the function 

MC{^,R) : MC(0,R) ^ MC([),R) 

is bijective. 



This is Theorem 8.13 in the body of the paper. We emphasize that this result is 
in the imbounded pronilpotent case. The proof of Theorem 0.6 goes like this: we 
use the bar-cobar construction to reduce to the case of a DG Lie algebra quasi- 
[); and then we use Theorem I 



0.3 



isomorphism O : g 

Theorem 0.6 was known in the nilpotent case; see IIKo2[ Theorem 4.6], and 
IICKTBi Theorem 3.6.2]. The proof sketched in [Ko2' Section 4.5] relies on the 
structure of Loo algebras. The proof in [CKTB, Section 3.7] relies on the work of 
Hinich on the Quillen model structure of coalgebras. It is not clear whether these 
methods work also in the pronilpotent case. 

In this paper we only consider pronilpotent DG Lie algebras of the form m 0. 
Presumably Theorems 0.3 0.4 and 0.6 can be extended to a more general setup - 
see Remark 113] 
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1. Some Facts about DG Lie Algebras 

Let K be a field of characteristic 0. Given K-modules V, W we write V <SiW 
and Hom(y, W) instead of V (Sk W and Hom]K(V, W), respectively. 

Definition 1.1. By parameter algebra over K we mean a complete noetherian local 
commutative K-algebra R, with maximal ideal m, such that R/m = K. We call m 
a parameter ideal. 

The most important example is of course R = K[[ft]], where ?z is a variable, 
called the deformation parameter. 

Note that R = K ® m, so the ring R can be recovered from the nonunital algebra 
m. For any ; e N let Rj := R/m^+^ and my := m/m^+^. So Rq = K, each Rj is an 
artinian local ring with maximal ideal rrij, R = lim^j Rj, and m = lim^j rriy. 

Let us fix a parameter algebra (R, m). Given an R-module M, its m-adic comple- 
tion is 

M : = lim (R. ^rM). 

The module M is called m-adically complete if the canonical homomorphism M 
M is bijective. (Some texts would say that M is complete and separated.) Since 
R is noetherian, the m-adic completion M of any R-module M is m-adically com- 
plete; see l|Ye5[ Corollary 3.5]. 

Given an R-module M and a K-module V let us write 

(L2) M§y :=lim(R, ®R(M®y)), 

namely M§)V is the m-adic completion of the R-module M<S)V. If W is another 
K-module, then there is a unique R-module isomorphism 

M®{V(E)'W)^iM®V)®W 

that commutes with the canonical homomorphisms from M <Si V <Si W; hence we 
shall simply denote this complete R-module by M ® V ® W. 

Let Q = 0,gz g' be a DG Lie algebra over K. (There is no finiten ess a ssumption 



on g.) For any i let m®g' be the complete tensor product as in {1.2'. We get a 
pronilpotent R-linear DG Lie algebra 

(1.3) m0g:=0m®g', 

with differential d and graded Lie bracket [— , — ] induced from g. 
Recall that the Maurer-Cartan equation in m (^i g is 

(1.4) d{co) + l[co,co]=0 

for CO E m (§) g^. A solution of this equation is called an MC element of m § g. The 
set of MC elements is denoted by MC(mC>?) g). In degree we have a pronilpo- 
tent Lie algebra m ® g*^, so there is an associated pronilpotent group exp(m (E) Q^), 
called the gauge group, and a bijective function 

exp : m (^i g*^ ^ exp(m ® g^) 

called the exponential map. 
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An element 7 G m (g) 0*^ acts on m ® by the derivation 

(1.5) ad(7)(a):= [7,^]. 

We view ad(7) as an element of K® End(0)'^. Let g := exp(7) G exp(m(8) 0*^), 
and define 

(1.6) Ad{g) := exp(ad(7)) = ^ ^ ad(7)' e End(0)O 

i>0 

(this series converges in the m-adic topology). The element Ad(^) is an R-linear 
automorphism of the graded Lie algebra m ® 0. There is an induced group auto- 
morphism Ad(g) of the group exp(m(8i 0*^), and this automorphism satisfies the 
equation 

(1.7) Ad{g){h)=gohog-^ 

for all h E exp{m^ Q^). 

There is another action of 7 e m 0*^ on a? e m 0^: 

(1.8) af(7)(a;) := [j,a>] - d(7) = ad(7)(a;) - d(7). 
This is an affine action, namely 

af(7) E K® (End(0i) k q^). 
Consider the elements g := exp(7) E exp(m(g)0'^) and 

(1.9) Af(g) := exp(af(7)) = E ^ (End(0i) k 0i). 

i>0 

(The series above converges in the m-adic topology.) We get an affine action Af of 
the group exp(m ® q^) on the R-module m 0^. For co E this becomes 

Af(g)(a;) = exp(ad(7))(a.) + ^— ^^^(d(7)). 

The arguments in BGMl Section 1.3] (which refer to the case when 0' are all finite 
dimensional over K, 0' = for / < 0, and R is artinian) are valid also in our 
infinite case (cf. HGel Section 2.2]), and they show that Af(^) preserves the set 



MC(tn ® 0). (This can be proved also using the method of Lemma 1.14 ) We write 

MC(m® 0) 



(1.10) MC(m(8)0): = 



exp(m(8)0'') 



the quotient set by this action. Given a homomorphism of DG Lie algebras (j) : 
g —> i), and homomorphism of parameter algebras / : (i^,m) —> (S, n), there is an 
induced fimction 

(1.11) MC(^®/) :MC(m§0) ^MC(n§[)). 

We shall need the following sort of algebraic differential calculus (which is 
used a lot implicitly in deformation theory). Let K[t] be the pol5momial algebra 
in a variable t, and let M be a K-module. A pol5momial f{t) E K[t] (g) M defines 
a function / : K ^ M, namely for any A E K. the element /(A) E M is gotten 
by substitution f A. We refer to / : K M as a polynomial function, or as a 
polynomial path in M. 

Let K[e] := K[t]/{t^), where e is the class of t. Given /(t) E K[t] (g) M and 
A e K we denote by /(A + e) E K[e] (g) M the result of the substitution 1 1-^ X + e. 
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Lemma 1.12. Let f{t) e K[t] ® M. If 

/(A + e)=/(A) 
in K[e] (g) Mfor all A G K, t/ien /(A) = /(0)/or a// A G K 

Proof. This is an elementary calculation; note that K has characteristic 0. □ 
Given an element up G MC(m ® q), consider the R-linear operator (of degree 1) 
(1.13) do, :=d + ad(a;) 

onm§)Q. 

Lemma 1.14. Let co,co' G MC(m§)0), and let g G exp(m fi") be such that co' — 
Af{g){co). Then for any i ^ILthe diatom ofR-modules 

m (g) > m 0' 



m (g) 0'+^ > m (g) 0'+^ 



is commutative. 



Proof. Since m §) g' and m 0'+^ are m-adically complete i?-modules, it suffices to 
verify this after replacing R with Rj. Therefore we can assume that R is artinian. 

Consider the DG Lie algebra K[t] m g. Let 7 :— log(^) G m 0°, and 
define 

g{t) := exp(f7) G exp(]K[f] m 0°) C K[f] K End(0°). 

So g(0) = 1 and g(l) = g. Next let 

w{t) -.^ A{{g{t)){w) G K[f] 0m0 0\ 

which is an MC element of K[f] m g, and it satisfies a;(0) — w and (jo{1) — w' . 
Consider the polynomial 

fit) Ad(g(l - t)) o d^(,) o Ad{g{t)) G K[f] R Hom(g',s'+i). 

It satisfies 

/(0)=Ad(g)oda, 

and 

/(l)=d„,oAd(g). 
We will prove that / is constant. See diagram below depicting /(A), A G K. 

. Ad(^(A)) . . 
m g' > m0g' )-m0g' 



I 
I 
I 

4- 



da,{A) I 



-ii Ad(g-(1-A)) . , 

m g'+^ ^ m g'+^ > m g'+^ 

Take any A G K. Then 

/(A + e)-/(A) = 

Ad(g(l - e - A)) o (d^(;^+,) o Ad(g(e)) - Ad(g(e)) o d^(;v)) o Ad(g(A)) 
in K[e] K Hom(0', 0'"*"^). A calculation shows that 

Ad(g(e)) = 1 + e • ad(7) G K[e] K End(g) 
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and 

cv{X + e) = a;(A) + £■ [7,a;(A)] - e ■d(7) e K[e] (g)m(g)0^. 
Hence for any a £ R g^^ we have 

(da;(A+.)°Ad(^(e)))(a) = 

d(a) + e-d([7,a]) + [co{A + e),a] + e[co{A + e), ['y,a]] 

and 

(Ad(^(e))od^;i)(a) = 

d(a) + [a;(A),a] +e[7,d(a)] +e[7, [cv{A),oi]] . 
After expanding terms and using the graded Jacobi identity we see that 

(da,{A+e) ° Ad(^(e))) (a) = {Ad{g{e)) o d,^(^) (a) 



in K[e] (3 K g^. Therefore /(A + e) = /(A). By Lemma 1.12 we conclude that / 



is constant. □ 

Proposition 1.15. (1) Let cv e MC(m®g). Then da, is a degree 1 derivation of 
the graded Lie algebra m®Q, and do; o do; = 0. We obtain a new DG Lie algebra 
(m 0)0;, with the same Lie bracket [—, —], and a new differential dw 
(2) Letg e exp(m®0°), and let oo' := Ai{g){co) e MC(m®0). Then 

Ad{g) : (m0 0)a; (mSfl)^;' 

is an isomorphism ofDG Lie algebras. 

Proof. (1) This is well known (and very easy to check). 

(2) Let 7 := log(g) G rrKgjg'^. Since ad(7) is a derivation of the graded Lie 
algebra m® g, it follows that Ad(g) = exp(ad(7)) is an automorphism of m0 0. 
By Lemma 1.14 this automorphism exchanges d^i and da,'. □ 

2. The Reduced Deligne Groupoid 

As before, K is a field of characteristic 0, {R, m) is a parameter algebra over K, 
and Q = 0jgz 0' is a DG Lie algebra over K. 
Let us write 

(2.1) MC(0,K) :=MC(K§0) 
and 

(2.2) G(0,R) :=exp(m00°). 
Given a>,a>' e MC(0,R), let 

(2.3) G(0,R)(a;,a;') := {g e G(0,R) | Af{g){cv) = cv'}. 

As in IGMI we define the Deligne groupoid Del(0, i^) to be the transformation 
groupoid associated to the action of the gauge group G(0, R) on the set MC(g, R). 
So the set of objects of Del(0, R) is MC(0, R), and the set of morphisms co ^ co' 
in this groupoid is G(g,R)(a;,a;'). Identity morphisms and composition in the 
groupoid are those of the group G{q,R). 

Now suppose CO, a;' E MC(0,R) and g E G{g,R){cv,cv'). Since 

Ai{g ohog~^)= Ai{g) o Af (^) o Af 

for any h, and in view of \1.7\ , there is a group isomorphism 

(2.4) Ad(^) : G(0,R)(a;,a;) ^ G(0,R)(a;',a;')- 
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Given co G MC(0, K) there is the derivation dco of formula 1 1.13 1. Let us define 

(2.5) := Im(da; : m®B"^ ^ m®g°) 
and 

(2.6) (m®B°)(a;) := Ker(d^ : m®0° m®g^). 
These are K-submodules of m ® g''. 

Lemma 2.7. Let co e MC(g, R). Consider the bijection of sets 

exp : m^g" -=> exp(m(i)g°) = G{q,R). 

(1) The module (m § g*^) (a;) is a Lie subalgebra ofm® Q^, and 

exp((m®g°)(a;)) = G(g,_R)(a;,a;) 

fls subsets o/G(g, K). 

(2) The module fs a Lie ideal of the Lie algebra (m ® g*^) (a;), and the subset 

is a normal subgroup ofG{g,R){co,co). 

(3) Letg e G(g,_R) and to' := Af{g){co). Then 

Ad{g){K)=Nl,. 

Proof. (1) Since do; is a graded derivation of the graded Lie algebra m Cg) g, its 
kernel is a graded Lie subalgebra, and its image is a graded Lie ideal in the 
kernel. In degree we get a Lie subalgebra (m g^){io), and a Lie ideal in it. 

Because d^^, is a continuous homomorphism between complete K-modules, its 
kernel (m <S) q^) {co) is closed; so this is a closed Lie subalgebra of m ® g*^. This im- 
plies that the subset exp ((m ® g°) (a;)) is a closed subgroup of G(g, R). Moreover, 
let 7 G m (g) g*^ and g := exp(7). In the proof of IGel Theorem 2.2] it is shown that 
da;(7) = iff Af{g){co) = CO. This shows that 

exp((m§g°)(a;)) = G(g,_R)(a;,a;). 

(2) We already know that oj^ is a Lie ideal of (m q^) (co); but since this is not a 
closed ideal in general, it is not immediate that the subset exp(aj^) is a normal 
subgroup of exp{{m® Q^){co)). 
Consider the CBH series 

F(xi,X2) = Fj{xi,X2), 

where Fj {xi,X2) are homogeneous elements of degree i in the free Lie algebra in 
the variables xi, X2 over Q. It is known (cf . IIBol ) that 

(2.8) exp(7i) ■ exp(72) = exp(F(7i, 72)) 

for 71,72 e m® g*^. 

Let us define a bracket [— , on m (3 g~^ as follows: 

[0Li,0i2]co ■■= [da;(ai),a2]. 

In general this is not a Lie bracket (the Jacobi identity may fail). However, since 
do; is a square zero derivation of the graded Lie algebra m ® g, we have 

da;([ai,a2]a;) = [d^, (^i ), d^, (^2)] . 

For any 7 > 1 and oci, 0:2 £ m ® g~^ consider the element Fy (^1,^2) e m g~^ 
gotten by evaluating the Lie pol5momial Fj{xi,X2) at x, a,, using the bracket 
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[— , Now take any 71,72 G a^, and choose 0ii,a2 G m® g"^ such that 7/ = 
dco{oci)- Then 

da;(f,>(ai,a2)) =f;(7i/72) e m00°. 

Let 

a := f,>(ai,a2) £ m^g"^ 

and 7 := d^^, (a) G aj^. By continuity we get F{ji, 72) = 7. From this and formula 



(2.8 1 we see that JV^ = exp(aj^) is a subgroup of G{g, R) = exp(m ® g^). 

Similarly, Lemma |l.l4| 2) implies that the subset exp(a^) is invariant under 
the operations Ad{g), g E G{g,R){cv,cv). Therefore N^, is a normal subgroup of 
G(0,_R)(a;,a;). 



(3) According to Lemma L14 2) we know that Ad(g)(oJ^) = aj^^. □ 

Note that the set G(g, R) {co, co') has a left action by the group JV^„ and a right 
action by the group N^. Define 

(2.9) G'{g,R){cv,co') := G{g,R){cv,cv') /Nl , 
the quotient set. So there is a surjective function 

(2.10) /71 : G{g, R){cv,cv') ^ G'{g, R){cv,cv'). 

By Lemma [2.7[ 3), the multiplication map of G(g, R) induces maps 

(2.11) G'{g, R){iv,cv') x G' {g, R) {cv' , cv" ) ^ G'{g,R)icv,cv") 
for any cv,cv',cv" e MC(0, K). If a;' = a; then G^{g,R){co,co) is a group. 

Definition 2.12. The reduced Deligne groupoid associated to g and {R, m) is the 
groupoid Dei^{g,R) defined as follows. The set of objects of this groupoid is 
MC(0, K). For any co,to' e MC(0, K), the set of morphisms a; — > a;' is the set 



^^(0, R){lo,lo') from formula 1 2.9 1. The composition in Der(0, K) is given by for- 
mula l2.ll I, and the identity morphisms are those of the groups G'^ {g, R) {co , oj) . 

There is a morphism of groupoids (i.e. a functor) 

(2.13) 1] = {rio,t]i) : Bel{<p,R) UeV{<p,R), 

where j/q is the identity on the set of objects MC(0, R), and rji is the surjective 
function in formula ijZlOj. Hence 

(2.14) 7ro(Def(0,R)) = 7ro(Del(0,K)) =MC(m®0), 

where t[o{ — ) denotes the set of isomorphism classes of objects of a groupoid. 

Given a homomorphism / : (R, m) (S, n) of parameter algebras, and a 
homomorphism (p : g ^ t) of DG Lie algebras, there is an induced DG Lie algebra 
homomorphism 

/ (g) (/) : m (§) n® f). 

Hence there are induced morphisms of groupoids Del{(j),f) and DeV{(p,f) such 
that the diagram 

Del(0,R) '-^-^Uel{t),S) 

V 1 

Der(0,]?) ^li^Der(f),S) 

is commutative. And there is an induced function 

7ro(Del'- (,/),/)) : 7To(Del'(0,R)) ^ 7ro(Der(f,, S)). 
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Under the equality of sets | 2.14| , and the corresponding one for fi and S, we have 
equality of functions 

(2.15) 7To(Der (</),/)) = TTo (Del (<?),/)) =MC(/®</>). 

Proposition 2.16. Let co e MC(g, R). The bijection 

exp : m®0° ^ G{s,R) 

induces a bijection {of sets) 

exp : H°((m§0)a;) ^ G'^(0,_R)(a;,a;). 

This bijection isfunctorial w.r.t. homomorphisms (-R, m) — )• {R,n) of parameter algebras 
and homomorphisms g ^ f) ofDG Lie algebras. 



Proof. This is an immediate consequence of Lemma 2.7 1,2) and formula ||2.9^. □ 



Remark 2.17. After writing an earlier version of this paper, we were told by 
M. Manetti that M. Kontsevich had mentioned the idea of a reduced Deligne 
groupoid already in 1994. See IIKoll page 19] and [,Mt] . 

3. DG Lie Quasi-isomorphisms - Nilfotent Algebras 

In this section we prove several lemmas that will be used in Section |4] We 
assume that (i?, m) is an artinian parameter algebra, but m 7^ 0. Also we have a 
DG Lie algebra quasi-isomorphism <^ : g ^ f). 

Let 

1{R) := min{/ E N | m'+^ = 0}, 

and define n := m'^^'. Thus n is an ideal in R satisfying mn = 0. Let R := R/ n and 
ffi := m/n. So (K, ffi) is a parameter algebra, and there is a canonical surjection 
p -.R-^ R. 

Our assumption that m 7^ implies that 1{R) > 1, and that 1{R) <1{R). 
The homomorphism p : R ^ R induces a surjective homomorphism of DG Lie 
algebras 

p:m0g^m®g, 

and likewise for f). Thus we get a commutative diagram of morphisms of 
groupoids 

Del'"(0,R) >UeV{i),R) 



P 



P 



UeV{Q,R) >^el'{t),R) , 

where, for the sake of brevity, we write p instead of Del'^(g, p), etc. 

Given elements E MC(g,R), let co := p{co) and co' := p{co') in MC(g,R). 
For any element g E G(g, R) {co, co') we define 

(3.1) Gis, R){co,co')/g := {g E G(fl,R)(a;,a;') | pig) = g}. 

Next, given an element co E MC(g, R), let us denote by Del(g,K)/d; the fiber 
over CO of the morphism of groupoids 

p :Del(0,_R)^ Del (g,R). 

Thus the set of objects of Del(0,K)/d; is the set 

(3.2) MC{q,R)/Q := {co E MC(0,K) | p{co) = co}. 
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The set of morphisms a; a;' in Del(g, R)/lo is 

(3.3) G(fl,R)(a;,a;')/l := {g e Gig, R){cv,cv') \ p{g) = 1}. 

We shall need some of this construction also for the groupoid De^ {g,R)- Given 
elements a;, a;' e MC{q;R), letco := p{cv) and cv' := p{cv') in MC(g, R). Suppose 
g e G^{g,R){Li>,to'). We define the subset 

(3.4) G'{g,R){cv,cv')/g := {g e G'{q,R){cv,<v') \ p{g) = g}. 

We now recall the obstruction functions 02 and Oi introduced in IGMi, Section 
2.6]. Let us denote by Z'(g) the K-module of f-cocycles in g. For a G m® Z'(g) 
we shall denote its cohomology class by [a] em® H' (g) =li'{m® g). 

Let 

cur : m ® m® g^ 

be the function 

(3.5) cur(a;) := d(a;) + 2[<^, <^]. 

("cur" stands for "curvature".) Thus to is an MC element iff cur(a;) = 0. Given 
CO e MC(g, K), choose any lift to an element to e m(3 0^. Then cur(a;) en® 
Z^(g), and we define 

(3.6) 02(0^) := [cur(a;)] e n®li^{g). 

It is shown in [GM] that 02{tv) is independent of the choice, and the resulting 
obstruction function 

02 :MC(0,R) ^n®H2(g) 

has the property that an element to E MC(0, R) lifts to an element of MC(g, R) iff 
02(d)) = 0. 

Consider an element to E MC (g, R) . The set MC (g, R) /cD, if it is nonempty, has 
a simply transitive action by the additive group n ® (g), namely co co + j5 for 
^ e n®Z^(g). Given cv,cv' E MC{g,R)/to, define 

(3.7) oi{to,to') -.^Ito-Lo'] En ^n^ig). 
The obstruction function 

01 : MC(g,R)/cD x UC{g, R) / to ^ n ® (g) 

has the property that the set G(g, R)(a;, a;')/l is nonempty iff oi{to,to') = 0. 
The obstruction functions 02 and Oj are functorial in g (in the obvious sense). 

Remark 3.8. It is possible to define the obstruction oq here too, but we will not 
use it. Consider the exact sequence of complexes 

n® g [m® g)aj (m® g)co -> 0- 

From the cohomology exact sequence we get a homomorphism 

H-i((m®g)a)) ^n®HO(g). 

For g,g' E G'^{g,R){co,co')/g, the obstruction class Oo{g,g') lives in the cokernel 
of this homomorphism. 

Lemma 3.9. Let x e MC(f),R), to E MC(g,R), x e MC{l),R)/x and 

hEG{i),R){cp{to),x). 

Then there exist 

CO E MC(g,R)/d; 
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Figure 1. Illustration for the proof of Lemma 3.9 The diagram is commutative. 
and 

hEG{t),R){4>iu>),x)/h. 

Proof. The proof is very similar to the proof of "Surjective on isomorphism 
classes" in tGM, Subsection 2.11]. It is illustrated in Figure [T| 
Let 

Choose any h' E G{l),R) lying above h, and let 

x':=Mih')-Hx)eMC{t,,R)/x'. 

Since x' exists, the obstruction class 02{x') is zero. Now (p{co) = so by functo- 
riality of the obstruction classes we get 

H^{cp){o2{co))=O2{x')=0. 

The assumption is that li^{(p) is injective; hence 02{co) = 0, and we can find 
to" e MC(g, K) lying above co. 

Let x" '■= 'Pi^") G MC(t),K)/x'. Consider the pair of elements x"'X' £ 
MC{l),R) / x' ■ There is an obstruction class 

By assumption the homomorphism H^(^) is surjective, so there is is a cohomol- 
ogy class c E n(g)H^(0) such that H^(<^)(c) = oi{x",x')- Let 7 e n®Z^(0) be a 
cocycle representing c, and define 

Lo := cv" — y E m(g) g^. 

Then co E MC(g, R)/(I> (it is an easy calculation done in BGMI ). Let 

■.= 4>icv) EMC{t),R)/x'■ 
Now oi{co",a>') = c, so 

oi{x!",x!) = oi{x",x!) - oi{x",x"') = oi{x!',x!) - n\^){o^{cv",cv')) = o. 

Therefore there exists h'" E G{q,R){x"' ,x!) f^- And we have 

h:=h' -h" EG{Q,R){x!",x)/h- 

□ 



MC ELEMENTS 



13 



Lemma 3.10. Let cv e MC(0,R) and x ■= (p{co) e MC([),_R). 

(1) The homomorphism ofDG Lie algebras 

(p : (m® 0)0; (m® 

is a quasi-isomorphism. 

(2) The group homomorphism 

is an isomorphism. 

Proof. (1) This is done by induction on 1{R). If 1{R) = 1 then = 0, so d^; = d 
and = d. Since ^ : g ^ f) is a quasi-isomorphisms, and since m is flat over K, 
the assertion is true. 

Now assume that 1{R) > 2. Since mn = it follows that d(,,|n(gig = d|„(gig; and 
likewise for n (?) f). Let d> := p{co) and x '■= p{x)- get ^ commutative diagram 
of complexes of R-modules 

V 

> n (g) !■ (m q)co > (m (g) q)q > 



P 

^ n® I) > {m®l))x > (m0 f));f > 

with exact rows. By induction the right vertical arrow is a quasi-isomorphism; 
and the left vertical arrow is a quasi-isomorphism by the same argument given in 
the case I{R) = 1. Therefore the middle vertical arrow is a quasi-isomorphism. 



(2) Combine item (1) above and Proposition 2.16 □ 



Lemma 3.11. Let lo,lo' e MC(g, R), and define co := p{w), co' := p{i^'), X ■= 'Pi^)' 
x' ■= (p{<^'), X ■= 'Pi'^) X.' ■= 'Pi'^')- 

g&G'{Q,R){cv,cb'), 

h:=<pig)eaHj,R){x,x'), 

and 

heG%R)(x,x')/h. 
Then there exists a unique element 

geG{Q,R){co,co')/g 

such that (p{g) = h. 

Proof. The proof is very similar to the proof of "Full" in IIGMl Subsection 2.11]. 
(Note however that there is a mistake in loc. cit. In our notation, what is done 
there is referring to the obstruction class oi{(jO,(jo'), but this is not defined since 
p{co) p{co') in general.) The proof is illustrated in Figure [2] 

Choose an arbitrary lift g" E G{q,R) of g, namely g = p{rj\ {g" ) ) • Define 

a;":= Af(/)(a;) eMC(0,K), 

h":=cpig")eG{^,R), 

x" ■.= 4,{cv")eMC{t,,R) 

and 

h':^h-{h")-'eGH),R){x",x')n- 
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Figure 2. Illustration for the proof of Lemma 3.11 Some of the 
arrows, like g and h, belong to the groupoid Del'^(— , — ). Other 
arrows, like g" and h" , belong to the groupoid Del(— , — ). The 
function (p sends a; i— )• ;t, a; i— )• g i— )• /z, etc. The whole diagram 
is commutative. 



Since cv",co' e MC{q,R)/co' the obstruction class o-[{co" ,co') is defined, and it 
satisfies 

Hi(<^)(oi(a;",a;'))=oi(^",^')=0 

because h' exists. By assumption the homomorphism (^) is rnjective, and we 
conclude that oi(a;",a;') = 0. So there exists some g' E G{g,R){co",co')/l. Let 

g"':=g'-g"eG{Q,R){cv,cv'). 

Then p{i]i{g"')) = g, and hence 

n,{g"')eG\Q,R){a:,a:')/g. 



By Lemma 3.10 2) we have a group isomorphism 

(P : G{^,R){cv,cv)/l ^ G^(f),K)(;t,x)/l. 

Since the set G^{q, R) {cj, co')/g is nonempty (it contains tji {g'")), it admits a sim- 
ply transitive action by the group G"^ (g, R) [co, to) /I. Therefore the function 

cp : G'{0,R){a>,a>')/g ^ G'{[),R){x,x')/h 

is bijective. We see that there is a unique element g E G'^{2,R){lo,oj') I g such that 
^{g) =h. □ 



4. DG Lie Quasi-isomorphisms - Pronilpotent Algebras 

In this section we extend [ GMi Theorem 2.4] (attributed to Deligne) to the 
case of complete noetherian local rings and unbounded DG Lie algebras. This is 
Theorem 1421 

Let (K, m) be a complete parameter algebra, and let cf) : q tj be a DG Lie 
algebra quasi-isomorphism. As in Section 1 1 for any / G N we write Rj := R/ m^^^ 
and := m/xn^^^. We denote by pj : R ^ Rj and p^ j : Rj Rj the canonical 
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projections (for j > i). Let n^- := mi/mi^^, which is an ideal in Rj satisfying 
mjWj = and 

n^' = Ker(p^-y_i : Rj 

Thus Rj^i ^ Rj/uj. 

Lemma 4.1. (1) Let co e MC{q,R) and x ■= (p{co) e MC(fi,K). Then the homo- 
morphism ofDG Lie algebras 

is a quasi-isomorphism. 

(2) The canonical function 

MC(0,_R) ^ limMC(fl,_R,) 

is bijective. 

(3) For any lo,lo' e MC(0, K) the canonical function 

G{Q,R){cv,cv')^\m,G\Q,Rj){pj{co),pj{cv')) 

is surjective. 

Of course items (2-3) refer also to f). 

Proof. (1) We forget the Lie brackets. Let M be the mapping cone of the homo- 
morphism of complexes of R-modules 

So 

M = (m®fl)a;[l]® (m®());^., 

with a suitable differential. For any j > let cvj := Pj{co) and Xj ■= Pjix)- 
have an inverse system of homomorphisms of complexes 

(pj : (my®fl)a,y (my §());(-., 

and we denote by Mj the mapping cone of (pj. Then each pj : M ^ Mj is 
surjective, and M = lim^y Mj. According to Lemma 3.10 1) the complexes Mj 
are acyclic. Therefore, using the Mittag-Leffler argument, the complex M is also 
acyclic. 

(2) This is because m (g) is m-adically complete, and MC(g, R) is a closed subset 
in it (w.r.t. the m-adic metric). 

(3) Write co'^ := Pj{co'). Suppose we are given a sequence {gj}jeN of elements 

gjeG'{g,Rj){cOj,cv'j) 

such that Pj,j-i{gj) = gj-i- We are going to find a sequence {^^yjjeiN of elements 

gj e G{Q,Rj){a>j,cv'j) 

such that Pj,j-\{gj) = gj-i and t]i{gj) = gj for all j. Since the group G(0,i^) is 
complete w.r.t. its m-adic filtration, the limit 

g — lim gj eG{Q,R) 

^] 

exists; and by continuity g E G{g, R) {co, co'). Then the element 

g:=m{g)eG'{3,R){cv,cv') 

satisfies pj (g) = gj for all 
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Here is the recursive construction of the sequence {gjjjeN- For 7=0 we 
take go := 1. Now assume that j > 1 and we have a sequence {gQ, . . ■ as 
required. Choose any element g'^ E G{Q,Rj){cL>j,cv'j) such that t]i{g'j) = gj- Then 

m{Pi,j-\{g'j)) = Pi,j~i{vi{g'j)) = Pj,hiigi) = gj^i = viigj-i)- 

There is some a E N'^{3,Rj-i)L0j_^ such that a ■ Pj^j-i{g'j) = gj-i- Choose any 
a e N'{Q,Rj)coj lifting a. Then gj := a ■ g'- will satisfy Pj,j-i{gj) = gj-i and 

viigj)=gi- n 

Here is the main result of this section. We denote the identity automorphism 
of R by 1r. 

Theorem 4.2. Let {R, m) be a parameter algebra over K, and let cp : g ^ \) be a DG Lie 

algebra quasi-isomorphism over K. Then the function 

MC(1r (p) : MC(m g) ^ MC(m ® f)) 
is bijective. Moreover, the morphism ofgroupoids 

T)el'{cj),R) : Del''(0,_R) ^ Der((7,_R) 

is an equivalence. 

Observe that there are no finiteness nor boundedness conditions on g and (). 

Proof. We will prove these assertions: 

(a) The function MC(1r ® <p) is surjective. 

(b) The function MC(1r ® <p) is injective. 

(c) For any co e MC(0,K) the group homomorphism 

G'{cp,R) : G'{2,R){uj,uj) ^ G'{t),R){cp{co),4>{cv)) 
is bijective. 

Assertions (a-b) say that the function MC(1r (8 (p) is bijective. Then assertion 
(c) implies that the function 

(P : G'{3,R){a;,cv') ^ G'{l),R){<p{cv),cp{cv')) 

is bijective for every co,lo' e MC(g, K). Hence DeV' {(p,R) is an equivalence. 

Proof of (a). Here it is more convenient to work with the groupoids Del(— , — ). 
Suppose we are given x G MC((], R). We will find elements co E MC(g, R) and 
hEG{l),R){cpia>),x)- 

Define Xj Pjix) G MC{t), Rj). We are going to find a sequence {i^yjygiN of 
elements coj E MC{g,Rj), and a sequence {hjjj^f^ of elements 

hjEG{l},Rj){<p{cVj),Xj), 

such that pj^j^i{LOj) = C0j_i and pj^j^\{hj) = hj_i for all This is done by 
induction on j. For 7 =0 we take a;o := and /zq := 1 = exp(O). Now consider 
7 > 1. Assume that we have found sequences {loq, . . . , coj^i ) and {Hq, . . . , hj_i ) 
satisfying the required conditions. By Lemma [3.9} applied to the artrnian local 
ring Rj, and the elements Xj'^j-i ^^id hj_i, there exist elements cOj and hj as 
required. 

Now the R-module mCSg^ is m-adically complete, and the set MC (g,R) is 
closed inside m0g^ (with respect to the m-adic metric). Hence the limit co : = 
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lim^y cvj belongs to MC{g,R). The gauge group G{l},R) is complete, since it is 
pronilpotent (with respect to its tn-adic filtration). We get an element 

h ■- lim hj e G(f),R). 
By continuity we see that Af{h){(p{a>)) = X- 

Proof of (b). Here we prefer to work with the groupoids Der(—, —). Take 617,61;' e 
MC(g, K), and define x ^('^) arid x' ■= 'P{^')- Suppose we are given h e 
G'^(f),R)(;(;//C')' we will find g e G^{Q,R){to,to'). (We do not care whether = 
h or not.) 

Define := pj{w), w'- := Pj{cv'), Xj ■= Pjix), x'j ■= Pjix') and hj := pj{h). 
We will find a sequence {gjjjeJM of elements gj E G^{Q,Rj){a)j,Lo'i) such that 



(pigj) = hj and pj^j--[{gj) = gj-^. Then, by Lemma 4.13) there is an element 
g e G'^{g,R){cv,u}') such that Pj{g) = gj for every 7. 

We construct the sequence {gjjjet^ by induction on For 7 = we take go ■=!■ 
Now let i > 1, and suppose that we have a sequence {go, ■ ■ ■ ,gj-i) as required. 
According to Lemma 3.11 applied to the artinian local ring Rj, there exists an 
element gj e C {g, Rj)(7v~cv'j) such that Pj,j-i{gj) = gj^i and (p{gj) = hj. 

Proof o f (c) . This is the complete version of the proof of Lemma [3.10 2). By 
1) the function H'^((|)k^,) is bijective. The claim now follows from 
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Lemma 

Proposition [27161 □ 

Remark 4.3. Assume g is abelian (i.e. the Lie bracket is zero), so that m ® g is just 
a complex of R-modules, and 

MC(g,K) =Hi(m§0). 

In this case the Deligne groupoid Del(g, K) is the truncation 

■ ■ ■ ^ ^ m§iQ° Ker(d : m® g^ m(g)g^) ^ ■ ■ ■ , 

whereas as the reduced Deligne groupoid Del'^(g, K) is the truncation 

■ ■ ■ ^ ^ Im(d : TTiSg"^ ^> mi§)g°) Ker(d : mtgjg^ ^> mSg^) ^ ■ ■ ■ , 

both concentrated in the degree range [0,1]. Let f) be another abelian DG Lie 
algebra. It is clear that a quasi-isomorphism of complexes (p : g ^ t) will induce 
a quasi-isomorphism 

DeV{(p,R) : Der(g,_R) ^ T>eV{i),R). 



This is a special case of Theorem 4.2 



Remark 4.4. Presumably Theorem 4.2 can be extended to the following more 
general situation: g and fi are R-linear DG Lie algebras, such that all the R- 
modules g' and f)' are m-adically complete, and the graded Lie algebras grj^(g) 
and gr^{i)) are abelian. We are given an R-linear DG Lie algebra homomorphism 
(p : g ^ i) such that 

is a quasi-isomorphism. Then 

MC{cj}) :MC(g) ^ MC(()) 
is bijective. Cf. IIGel Theorem 2.1] for the corresponding nilpotent case. 
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5. Some Facts on 2-Groupoids 

Let us recall that a (strict) 2-groupoid G is a groupoid enriched in the monoidal 
category of groupoids. Another way of saying this is that a 2-groupoid G is a 
2-category in which all 1-morphisms and 2-morphisms are invertible. A com- 
prehensive review of 2-categories and related constructions is available in IIYe3l 
Section 1]. See also [Ma, Bw, Ge|. 

We wish to make things as explicit as possible, to make calculations (both in 
Section |6] of this paper, and in the new version of rYe41) easier. A (small strict) 2- 
groupoid G is made up of the following ingredients: there is a set Ob(G), whose 
elements are the objects of G. For any e Ob(G) there is a set G{x,y), whose 
elements are called the 1-morphisms from x to y. Given / e G{x,y), we write 
f : X ^ y. For any f,gE G{x,y) there is a set G{x,y){f,g), whose elements are 
called the 2-morphisms from / to g. For a G G{x,y){f ,g) we write a : f ^ g. 

There are three types of composition operations in G. There is horizontal com- 
position of 1-morphisms: given fi : xq ^ x\ and fx'- x\ ^ xi, their composition 
is /2 o/i : ^0 ~^ ^2- Suppose we are also given 1-morphisms gi : X/_i — > x, and 
2-morphisms : /, =^ g\. Then there is a 2-morphism 

fliofli :/2o/i giog^. 

This is horizontal composition of 2-morphisms. If we are also given 
1-morphisms ft, : — > x, and 2-morphisms : gi ft,, then there is the 
vertical composition (of 2-morphisms) * : /,■ ^ ft,-. There are pretty diagrams 
to display all of this (see |Ye3, Section 1] or many other references). 

For every x G Ob(G) there is the identity 1-morphism \x : x ^ x, and for 
every / G G(x, y) there is the identity 2-morphism Ijr : f =^ f. 

Here are the conditions required for the structure G to be a 2-groupoid: 

• The set Ob(G), together with the 1-morphisms f : x ^ y, horizontal 
composition go f, and the identity morphisms Ix, is a groupoid. We refer 
to this groupoid as the 1 -truncation of G. 

• For every x,y E Ob(G), the set G{x,y), together with the 2-morphisms 
a : f ^ g, vertical composition b * a, and the identity morphisms 1^, is a 
groupoid. We refer to it as the vertical groupoid above {x,y). 

• Horizontal composition of 2-morphisms is associative, Igof = ° 1/ 
whenever g and / are composable, and the 2-morphisms li^. are iden- 
tities for horizontal composition. 

• The exchange condition: given //,g„ft,- : x,-, a, : // =^ gi and 
ft; : gi ^ ft,-, one has 

(^2 * Hi) ° (ftl * ^l) = {bl ° ftl) * (^?2 ° ^l)/ 

as 2-morphisms /2 o /i ft2 o fti- 

A consequence of these four conditions is that 2-morphisms are invertible for 
horizontal composition. Indeed, given a : f =^ g in G{x,y), its horizontal inverse 
a~° : ^ g~^ is given by the formula a^° = l^^-i o a^* o l^-i, where a^* : g =^ 
/ is the vertical inverse of a. 

Suppose H is another 2-groupoid. A (strict) 2-functor F . G ^ H is a collection 
of functions 
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F : Ob(G) ^ Ob(H) 
F:G(^o,^i)^H(F(;co),F(;ci)) 

F : G(xo,^l)(go,^i) ^ H(F(xo),F(xi))(F(^o),Fto)) 
that respect the various compositions and identity morphisms. We denote by 
2-Grpd the category consisting of 2-groupoids and 2-functors between them. 

Consider a 2-groupoid G. There is an equivalence relation on the set Ob(G), 
given by existence of 1-morphisms, i.e. x ^ y i£ G{x,y) ^ 0. We let 7ro(G) :— 
Ob(G)/~. 

For objects x,y ^ Ob(G) there is an equivalence relation on the set G{x,y^, 
given by existence of 2-morphisms: f gi£ G{x,y)(J,g) ^ 0. We let 

Ttx{G,x,y) G{x,y)/^. 

We define 7Ti(G) to be the groupoid with object set Ob(G), 
morphism sets Tt\{G,x,y), and composition induced by horizontal composition 
in G. Thus ni{G) is a quotient groupoid of the 1-truncation of G, and 
7ro(7ri(G)) — 7ro(G). We write Tti{G,x) :— Tti{G,x,x), which is a group. We 
also define 

Ti2{G,x) := G{x,x){lx,lx)- 

This is an abelian group. 

The homotopy set 7ro(G) and groups /T, (G, x) are functorial in an obvious way. 
A morphism F : G — > H in 2-Grpd is called a weak equivalence if the functions 

7To(F) : 7ro(G) ^ no{H) 

ni{F,x) : n-[{G,x) — > ni{H,F{x)) 

7T2(F,x) : n2{G,x) — > n2{H,F{x)) 

are bijective for all x G Ob(G). 

It will be useful to relate the concept of 2-groupoid to the less familiar concept 
of crossed module over a groupoid, recalled below. 

For a groupoid G and an object x e Ob(G) we denote by G(x) := G{x,x), the 
automorphism group of x. The composition in G is o = oq. 

Let G and N be groupoids, such that Oh (G) — Oh (N). An action Y of G on IV 
is a collection of group isomorphisms 

Y(^) : N{x) ^ N{y) 

for all x,y € Ob(G) and g € G{x,y), such that 

Y(/zo^)=Y(/;)oY(g) 

whenever g and h are composable, and Y(lx) = l]v(:c)- 

Example 5.1. Let G be any groupoid. The adjoint action Adg of G on itself is 
defined by 

AdG(^)(/i) :=go/iog-l 
for g e G{x,y) and h e G{x). 

A crossed module over a groupoid, or a crossed groupoid for short, is data 
(G, N, Y, D) consisting of: 

• Groupoids G and N, such that N is totally disconnected, and Ob(N) = 
Ob(G). 

• An action Y of G on IV, called the twisting. 
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• A morphism of groupoids (i.e. a functor) T) : N ^ G, called the feedback, 
which is the identity on objects. 

These are the conditions: 

(i) The morphism D is G-equivariant with respect to the actions Y and Adg. 
Namely 

D(T(g)(a))=AdG(g)(D(fl)) 

in the group G{y), for any x,y E Ob(G), g e G{x,y) and a E N{x). 

(ii) For any x E Ob(G) and a E N{x) there is equality 

Y(D(fl))=Adjv(,)(fl), 

as automorphisms of the group N{x). 

Example 5.2. If G and N are groups, namely Ob(G) = Oh{N) = {0}, then a 
crossed groupoid is just a crossed module. 

Example 5.3. Let G be a group acting on a set X. For x E X let G(x) denote 
the stabilizer of x. Let {Nxjxex be a collection of groups. Assume that for every 
g E G and x E X there is given a group isomorphism : Nx — > ^g{x)' 

and these satisfy the functoriality conditions of an action. Also assume there are 
group homomorphisms D;^ : Nx G{x) such that 

AdGfe)oD, = D^(,)oY(g) 

for any g E G and x E X. 

Define G to be the transformation groupoid associated to the action of G on 
X. And define N to be the totally disconnected groupoid with Ob(N) := X 
and N{x) := Nx- Then (G, N, Y, D) is a crossed groupoid, which we call the 
transformation crossed groupoid associated to the action of G on {Nxjxex- 

Example 5.4. Suppose G is any groupoid, and N is a normal subgroupoid of G, 
in the sense of IIBwi |Ye4|| . Let D : N G he the inclusion, and let Y be the 
restriction of Adc to N. Then (G,N,T,D) is a crossed groupoid. 

It is known that crossed groupoids are the same as 2-groupoids (cf. fBw]). We 
will now give a precise statement of this fact. 

Proposition 5.5. Let (H, N,T, D) be a crossed groupoid. Then there is a unique 1- 
groupoid G with these properties: 

(i) The 1-truncation of G is the same groupoid as H. Namely Ob(G) = Ob(H), 
G{x,y) = H{x,y), the identity morphisms Ix are the same, and the horizontal 
composition is g oq f = g ou f for f : x ^ y and g : y ^ z. 

(ii) For any f,g:x^yinG we have 

G{x,y){f,g) = {aEN{x)\g = fotiY){a)}. 

The identity morphism If E G{x,y){f , f) is Ix E N{x). Given h : x ^ y, 
a : f ^ g and b : g ^ h, the vertical composition is b *q a = a ojv b. 

(iii) For any xo,xi,X2 E Ob(G), any fi,gi : — >• x, and any a, : fi => gj in G, 
the horizontal composition a2 oq ai satisfies 

fl2 0Gfli = Y(/f l)(fl2) ojvfll- 
Moreover, any 2-groupoid G arises this way. 
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Proof. It is easy to verify that the conditions of a 2-groupoid hold. 

Conversely, suppose G is any 2-groupoid. Define the groupoid Gj to be the 

1 - truncation of G. 

For any x E Ob(G) consider the set of 2-morphisms 

(5.6) G2(x):= U G{x,x){l„g). 

This is a group under horizontal composition og of 2-morphisms, with identity 
element li^,. There is a group homomorphism D : G2(x) Gi(x), defined by 

(5.7) D(fl:l,^g):=g. 

Let G2 be the totally disconnected groupoid with set of objects Ob(G), and auto- 
morphism groups G2(x) as defined above. Then D : G2 Gj is a morphism of 
groupoids. 

A 1-morphism f : x ^ y in G induces a group isomorphism 
Adcir^cJ/) : G2(x) ^ G2(y), 

with formula 

(5.8) Adcir^Gz (/)(«) :=l/oflol/-i 

for a E G2{x). It is a simple verification that {Gi, G2, AdQ^^Q^,D) is a crossed 
groupoid. □ 

Remark 5.9. An amusing consequence of the proof above is that the vertical 
composition in a 2-groupoid can be recovered from the horizontal compositions. 

In view of Proposition |5.5[ in a 2-groupoid G we can talk about the group of 

2- morphisms G2{x) for any object x. There is a feedback homomorphism 

D : G2(x) Gi(x), 

and a twisting 

Ad(^) = AdG,r.G2{g) ■■ G2{X) ^ G2(y) 

for any g : x ^ y. These satisfy the conditions of a crossed groupoid. 

6. The Deligne 2-Groupoid 

Definition 6.1. A DG Lie algebra g = g' is said to be of quantum type if 

g' = for all i < -1. 

A DG Lie algebra g = 0;gz g' is said to be of quasi quantum type if there exists a 
quantum type DG Lie algebra g, and a DG Lie algebra quasi-isomorphism Q. 

Example 6.2. Let C be a commutative K-algebra. The DG Lie algebras T^o\y{^) 
and ^'poly(C) that occur in deformation quantization are of quantum type (and 
hence the name). 

Let g be a quantum type DG Lie algebra. Consider the DG Lie algebra g : = 
(LoC)(g); this is the bar-cobar construction discussed in Section |7] There is a 
quasi-isomorphism : g ^ g, so g is of quasi quantum type (but is unbounded 
in the negative direction). 

Suppose g is a quantum type DG Lie algebra, and R is artinian. Then the 
Deligne 2-groupoid of m g is defined; see [GeJ . In this section we show how this 
construction can be extended in two ways: g can be of quasi quantum type, and 
R can be complete (i.e. not artinian). 
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Now let be any DG Lie algebra, and (K, m) any parameter algebra. We have 
the set MC(m § g) of MC elements, and the gauge group exp(m 0*^). 

Given a; G MC(m(8'0) there is an K-bilinear function [— , — ]a; on m0 0~^, 
whose formula is 

(6.3) [ai,a2]a; := [da,(ai),a2], 

where dco = d + ad(a;). 
Define 

(6.4) aa, := Coker(da; : mtg) 0~^ m® 0"^), 
so there is an exact sequence of R-modules 

(6.5) mi§0"^ mi§0"^ ^- ao; ^ 0. 

Proposition 6.6. Take any cv e MC(m(K) fl). 

(1) Let a e m(i)0"^ and /3 E m^g^^. Write a' ■— dco{^) E m®g^^. Then 

[a,a']co, [a',a]a; e da,(m(g)0"^). 

(2) The induced R-bilinear function [—, — ]a, on aw is a Lie bracket. Thus aw is a Lie 
algebra. 

(3) Let g Eexp{m§)Q°),andlet Lo' := Af{g){co) eMC(m®0). Then 

Ad{g) : tto, a^' 
is an isomorphism of Lie algebras. 

Proof. (1) and (2) are easy direct calculations. (3) is a consequence of Proposition 
05] □ 

Proposition 6.7. Assume either of these two conditions holds: 

(i) R is artinian. 

(ii) is of quasi quantum type. 

Then for any co E MC(m(§)0) the R-module au, is m-adically complete. Hence a^ is a 
pronilpotent Lie algebra. 

Proof. If R is artinian then any R-module is m-adically complete. 

Now assume R is not artinian (namely it is a complete noetherian ring). If q 
is of quantum type then aa, = m0 0~^, which is m-adically complete (cf. IIYeSI 
Corollary 3.5]). 

For any DG Lie algebra the canonical homomorphism 

(6.8) To; : a^j ^> = lim (R,- (g)R Oo,) 

is surjective. Here is the reason: the completion functor M i— > M is not exact 
(neither right nor left exact), but it does preserve surjections (see [Ye5 , Proposition 



1.2]). Combrnuig this with the exact sequence 16.5 1, and the fact that m(8)0~^ is 
complete, it follows that the homomorphism To, is surjective. 

It remains to prove that if there exists a DG Lie algebra quasi-isomorphism 
</) : ^ f), for some quantum type DG Lie algebra t], then the homomorphism 
is injective. Since do; : Oo; ^ m 0*^ factors through 3^, it follows that 

Ker(Ta,) C Ker(da; : Oo; ^ m® 0°) = U^'^{m§i g)a,. 
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Let X 'Pi^)- ^6 have a commutative diagram with exact rows 

da 











H-i(ig^) 



Because (p is a quasi-isomorphism, so is 

l§)cp : (m§0) 



(mi§) f));^ 



(we are using Lemma 4.1 1)). Hence the vertical arrow H^^ (1 (g) cp) in the diagram 

is an isomorphism of _R-modules. It sends Ker(Ta;) bijectively to Ker(T^ : 

o^). We know that is complete, so Ker(T^) =0. □ 



Corollary 6.9. In the situation of Proposition 6.7 for every to E MC(m0 0) there is a 
pronilpotent group N^; := exp(a(^;), and a group homomorphism 

Do, := exp(da;) : No; exp(m0fl°)(a;). 

Given any g E exp{m<Si g^) and co E MC{m® q), let w' := Ai{g){cv) E 
MC(m g). Then there is a group isomorphism 

Y{g) := exp(Ad(^)) : No, ^ N^v 

and the diagram 

5^exp(m(i)fl°)(a;) 



-fig) 



is commutative. The isomorphisms ^{g) are an action of the group exp{m® ^) on the 
collection of groups {Na,}^gMC(mg0)- 
Moreover, for any a, a' E Nco we have 

T(D^(fl))(fl')=AdN„(fl)(fl'). 
Proof. Combine Propositions 1.15 6.6| and 6.7 



□ 



Remark 6.10. The Lie algebra and the group that occur in Section |2] are 
quotients, respectively, of the Lie algebra Oa, and the group Nai that occur here. 

Definition 6.11. Let g be a DG Lie algebra and R a parameter algebra. Assume 
either of these two conditions holds: 

(i) R is artuiian. 

(ii) g is of quasi quantum type. 

The Deligne 2-group oid D el^(g,R) is the transformation 2-groupoid (see Example 



5.3|and Proposition 5.5 1 associated to the action of the group exp(m§) g°) on the 
collection of groups {Wa!}£^,gMC(mgg)- feedback D^; and the twisting 
are specified in Corollary |6.9| 

Proposition 6.12. Consider pairs (g,-R) such that Deligne 2-groupoid Del^(g, K) fs 
defined, i.e. either of the two conditions in Definition 6.11 holds. 

(1) The Deligne 2-groupoid Del^(g, R) depends functorially on g and R. 

(2) The reduced Deligne groupoid satisfies 

Der(g,R) = 7ri(Del2(g,K)). 
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Proof. This is immediate from the constructions. □ 

Theorem 6.13. Let R be a parameter algebra, let q and [) be DG Lie algebras, and let 
(p : g ^ \:)bea DG Lie algebra quasi-isomorphism. Assume either of these two conditions 
holds: 

(i) R is artinian. 

(ii) and t) are of quasi quantum type. 
Then the morphism of 2-groupoids 

Bef{ct>,R) : Bel^{Q,R) Uef{i),R) 

is a weak equivalence. 
Proof. Since 

7ro(Del2(4,,K)) = 7To(Def(</),K)) 

and 

ni{T>e\^{(p,R),co) = Ki{T>e\'{(p,R),cv) 

for all CO G MC(m ® q), these are bijections by Theorem 4.2 
Next, there is a functorial bijection 

exp : H"l(m§0)a; ^ 

(6.14) 

Ker(Da; : No, ^ exp(m00°)) = 7r2(Del^(0,R),a;); 
cf . the commutative diagram in the proof of Proposition |6.7[ So 

7r2(Del2(4),K),a;) =H-i(l„®<^) 
is bijective. □ 
Remark 6.15. It is possible to define a Deligne 2-groupoid Del^(0, R) even when 



6.13 



both conditions in Definition 6.11 fail, by taking Nw ■= exp(3^). However the 
function exp in 1 6.14 1 might fail to be bijective. Hence, in the situation of Theorem 
the homomorphism 7T2(Del^(^, R), a;) might fail to be bijective. 



7. Leo MoRprasMS and Coalgebras 

We shall use the coalgebra approach to Leo morphisms, following JQu| , IIKo2[ 
Section 4], [Hi2J, ICKTB., Section 3.7] and lYe2, Section 3]. 

Let us denote by DGLie(K) the category of DG Lie algebras over K, and by 
DGCog(K) the category of DG unital cocommutative coalgebras over K. Note 
that commutativity here is in the graded (or super) sense. Recall that a unital 
coalgebra C has a comultiplication A : C — )• C ® C, a counit e : C — >• K and a unit 
1 G C. The differential d has to be a coderivation of degree 1. The conditions 
on the unit are A(l) = 1 (g) 1, d(l) = and e(l) = 1 in K. Morphisms in 
DGCog(K) are K-linear homomorphisms C — > D respecting A, e and 1. We write 
C+ := Ker(£?). 

Let V = 0,£^ V be a graded K-module. The symmetric algebra over K of the 
graded module V is 

Sym(y) = Sym^(y). 

Note that we are in the super-commutative setting, so Sym^(y) = A^(^[l]) [~y]- 
We view Sym(y) as a Hopf algebra over K, which is commutative and co- 
commutative. The unit is 1 G K = Sym'^(y), and the counit is the projection 
e : Sym(y) K. 
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The Hopf algebra Sym(y) is bigraded, with one grading coming from the 
grading of Y , which we call degree. The second grading is called order; by 
definition the ;'-th order component of Sym(y) is Sjnii^(y). Let us write 

Sym+(y) Sym^(y) = Ker(e). 

The projection Sym(y) — > Sym^(y) is denoted by In. So for an element c G 
Sym(y), its first order term is ln(c). Recall that giving a homomorphism of imital 
graded coalgebras T : Sym(y) — Sym(W) is the same as giving its sequence of 
Taylor coefficients {9^Y}y>i, where the ;'-th Taylor coefficient of Y is the K-linear 
function 

a^Y (lnoY)|sy^,(^) : Sym^(y) ^ W 

of degree 0. 

The free graded Lie algebra over the graded K-module V is denoted by 
FrLie(y). 

There is a functor 

C : DGLie(K) ^ DGCog(K) 

called the bar construction. Given a DG Lie algebra g, the corresponding DG coal- 
gebra is C(0) :— Sym(g[l]), with a coderivation that encodes both the differential 
of and its Lie bracket. There is another functor 

L : DGCog(K) ^ DGLie(]K) 

called the cobar construction. Given a DG coalgebra C, the corresponding DG Lie 
algebra is FrLie(C"'"[— 1]), with a derivation that encodes both the differential of 
C and its comultiplication. If £ DGLie(K) and C G DGCog(K), then the set of 
graded K-linear homomorphisms Hom^(C,0) is a DG Lie algebra, and there are 
functorial bijections 

(7.1) HomDGLie(K)(L(C),0) S HomDGCog(K)(C,C(fl)) = MC(HomS'-(C,fl)). 
Thus the functors C and L are adjoint. We denote the adjunction morphisms by 

Ce:(LoC)(0)^0 

and 

0c:C^ (Co L)(C). 

It is known that the functor C is faithful. Let and f) be DG Lie algebras. By 
definition, an Leo morphism O : g — ^ f) is a morphism C{q) — )• C(f)) in DGCog(K). 
Let us define DGLieoo (K) to be the category whose objects are the DG Lie algebras, 
and the morphisms are the Loo morphisms between them. Composition of Loo 
morphisms is that of DGCog(K). Thus we get a full and faithful ftinctor 

Coo : DGLieoo(K) ^ DGCog(K) 

whose restriction to DGLie(K) is C. 

Take an Loo morphism <E> : g — > f). Its f-th Taylor coefficient 3'<I> := 3'(Coo(*I>)) 
is a K-linear function 
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of degree 1 — i. Writing (pj := d'(S>, the sequence of functions {(pi}i>i satisfies 
these equations: 

d{(piiji A ■ ■ ■ A 7,-)) - ±(pi{7i A ■ ■ ■ A d(7,t) A ■ ■ ■ A 7,-) = 
k=l 

2 E FIT E ±[^fc(7c7(i) A ■ ■ ■ A7^(;t))'^;(7<7{/c+l) A ■ ■ ■ A7^(,))] 

k,l>l (7ee; 

k+l=i 

+ ^±^,-_i([7;t/7;] A71 ^- ■ -Tk- ■ -Pfr ■ ■ ^7i)- 

k<l 

Here 7jc £ g are homogeneous elements, 6, is the permutation group of {1, ... , i}, 
and the signs depend only on the indices, the permutations and the degrees of the 
elements 7^.. The signs are written explicitly in BCKTBi Section 3.6]. Conversely, 
any sequence {(pi}i>i of homomorphisms satisfying these equations determines 
an Loo morphism. 

Let O : g f) be 3n. Loo morphism. The first Taylor coefficient : g — > [) 
is a homomorphism of complexes of K-modules (forgetting the Lie brackets). If 
3'4> = for all i > 2, then d^<$> is a DG Lie algebra homomorphism. If d^<i> is a 
quasi-isomorphism, then O is called an Loo cjuasi-isomorphism. 

Lemma 7.2. Let q e DGLie(K), and define C := C(0), g := L(C) and C := C{g). 
Consider the coalgebra homomorphisms 9c : C ^ C and C(^g) : C — )• C. Then 

C(C0)o0c = lo 

the identity automorphism of C. 

Proof. This is true for any pair of adjoint functors; see IIMal Section IV. 1 Theorem 
1]. □ 

Lemma 7.3. Let <i> : g ^ \) be an Loo quasi-isomorphism. Then 

(LoCoo)(0): (LoC)(fl)^(LoC)((i) 

is a DG Lie algebra quasi-isomorphism. 

Proof Let us write C := C(g), D := C(f)) and Y := Coo(O). Put on C the 
ascending filtration FjC := 0j-^o Sym'^(g[l]); so that {FyC}y>o is an admissible 
coalgebra filtration, in the sense of l.Hi2. Definition 4.4.1]. Likewise there is an 
admissible coalgebra filtration {FjD}j>Q on D. According to step 2 of the proof 
of lHi2, Proposition 4.4.3], the coalgebra homomorphism Y is a filtered quasi- 
isomorphism. Hence by IIHi2l Proposition 4.4.4] the DG Lie algebra homomor- 
phism (LoCoo)('I*) = L(Y) is a quasi-isomorphism. □ 

8. Loo QUASI-ISOMORPHISMS BETWEEN PrONILPOTENT AlGEBRAS 

Let {R, m) be a parameter K-algebra, and let O : g — > () be an Loo morphism 
between DG Lie algebras. Then O extends uniquely to an R-multilinear Loo mor- 
phism 

Or : K ^ R [}, 

whose i-th Taylor coefficient 

d'<i>R : (K § 0) X ■ ■ ■ X (K ® 0) R § [} 



is the R-multilinear homogeneous extension of d'(^. See IIYe2[ Section 3] for more 
details. 
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Definition 8.1. Let O : g f} be an Leo morphism, and let {R, m) be a parameter 
algebra. For an element a; G m we define 

MC(<l>,_R)(a;) := ^ l{d'^R){cv a;) e i)\ 

i>l ' ' 

I 

Note that the sum above converges in the m-adic topology of m0 f)^, since 

Proposition 8.2. Lef a; e MC(0,K) = MC(m§0). Tten the element MC(*,K)(a;) 
belongs to MC((), R). Thus we get a function 

MC(<1>,_R) : MC(0,_R) ^ MC(f),R). 



Proof. Let := i^/m^+^, and let pj : R ^ Rj be the projection. According to IIYe2l 
Theorem 3.21], which refers to the artinian case, we have 

MC{^,Rj){pj{cv)) eMC{t,,Rj) 

for every j. And by Lemma [4.1 [ 2) we know that 

MC((),R) =lim MC(f),_R,). 

□ 

Let Oj^jf] = K[t] © be the algebra of polynomial differential forms in the 
variable t (relative to K). This is a commutative DG algebra. For A G K there is a 
DG algebra homomorphism c^x : Ci^j^^f] ~^ namely 1 1— )• A. There is an induced 
homomorphism of DG Lie algebras 

(8.3) C7-A : nK[t] §0 ^> m(§)0, 
and an induced function 

(8.4) MC((7-a) :MC(m§nK[t]§0) ^MC(m§0) 

We shall often think of elements of Ci^^f^ as "fimctions of t", as in Section [T] 
Given elements f{t) e ri-K[t] A e K, we shall use the substitution notation 

f{\):=a;,{fit))eK. 

Lemma 8.5. Here A = 0, 1. 

(1) The homomorphisms aQ,a\ in formula | |8.3| are quasi -isomorphisms. 

(2) The functions MC(cro) and MC(c7'i) in formula |8.4i are bijections. 

(3) The bijections MC(c7-o) and MC(c7'i) are equal. 

Proof. (1) This is because the homomorphisms ct/ : Oj^jf] K are homotopy 
equivalences (of complexes of K-modules). 

(2) This is by item (1) and Theorem 



4.2 



(3) Note that the inclusion 

is also a quasi-isomorphism, and that tTg o = cji o ^ is the identity automorphism 
of m § 0. Hence 

MC(cro)oMC(^) =MC(£ri)oMC(^), 
and canceling the bijection MC(^) we obtain our result. □ 

Lemma 8.6. Let coq,cvi e MC(m0 0). The following two conditions are equivalent: 
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(i) There exists an element g e exp(m(8i g*^) such that 

Af(g)(a;o) = <^i- 

(ii) There exists an element 

co{t) e MC(m(§ n]K[t] b) 
such that 07(0) = coq and co{l) = cvi. 
Proof, (i) =^ (ii): Consider the elements 7 := log(g) e mSg*^, 
g{t) := exp(f7) e exp(m§ (nK[f] 0s)°) 



and 

Then 

and 



Lo{t) := Af{g{t)){coo) e MC(m®nK[t] ®0). 
a;(0) = Af(^(0))(a;o) = Af(l)(a;o) = cvo 



coil) = Af(g(l))(a;o) = M{g){cvo) = co,. 

(ii) =^ (i): Let us write [a;;] for the classes in MC(m® g). We know that 

MC(cr,)([a;(0]) = M] 



for i = 0,1. By Lemma 8.5 3) we know that MC(t7'o) = MC{cri). Therefore 



[coq] = [coi]; and by definition this says that Af (g) (a;o) = coi for some g. □ 
Proposition 8.7. Let <$> : q ^ be an Loo morphism. The function 

MC(<1>,R) : MC(g,R) ^ MC(I),K) 
respects gauge equivalences. Therefore there is an induced function 

MC{^,R) : MC(g,_R) ^ MC(f),K). 

Proof. Let A := Oj^jfj, which is a commutative DG algebra. There are in- 
duced homomorphisms cri : A ^ R. And there is an induced A-multilinear Loo 
morphism 

O/i : m § Cl^[t] ® g ^ m § O^jf] § () 

(cf. 1^21 Section 3]). Let us write MC(g,A) := MC(m0nK[t] 0g) etc. There 
is a function MC(0, A) whose formula is like in Definition 8.1 Since the Loo 
morphisms Or and (£>a are induced from O, the diagram of functions 

MC(g,A) ^ ^MC(I),A) 



MC((7-;,R) 



MC((7-i,R) 



MC(0,_R) ^ — —^MC{t),R) 

is commutative, for i — 0,1. Now suppose coq,(jJ\ e MC(g, K) are gauge equiv- 
alent. By Lemma [8^ there is an element cv{t) E MC(g, A) such that co{i) = cvj. 
Define Xi ■= MC(0,K)(a;/) and x(0 := MC(0, A)(a;(f)). Because the diagram 
above is commutative, we have x{i) = Xi- Using Lemma |8.6| again we conclude 
that xo arid Xi are gauge equivalent. □ 
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Let Y : C ^ D be the morphism in DGCog(K) gotten by applying the functor 
Coo to the Loo morphism <1> : g ^ f}. And let Y : C ^ D be the morphism gotten 
by applying the functor C o L to T : C D. Since 6^ is a natural transformation, 
we get a commutative diagram 



(8.8) 



C 



ec 



Od 



C 



Y 



in DGCog(K). There is a corresponding commutative diagram 
(8.9) 




in DGLieoo(K). Namely g = (LoC)(0), ^ = (LoC)(f)), and the full faithful 
functor Coo sends the diagram | |8.9| to the diagram | |8.8| . Note that by the proof of 
Lemma 7.2 the Taylor coefficients dW^ are nonzero for all /; so the corresponding 
morphism 6g : q ^ gin DGLieoo(K) is not a DG Lie algebra homomorphism. The 
same for 6^. 



Lemma 8.10. The diagram of functions 



(8.11) 



MC(0,R) 

MC{eg,R) 



MC(H',R) 



■>MC(f),_R) 

MC(e^,R) 



MC(<I>,R) , 

MC(g,K) — ^MC(f),K) 



is commutative. 



Proof. Because of Lemma 4.1 2) we can assume that R is artinian. Consider the 
commutative diagram of DG coalgebras over R 



(8.12) 



R(8)C- 
R®C- 



^R®D 



induced from | |8.8| by tensoring with R. 
Take any a;em®g^ C R(E)C, and define 



e := exp(a;) = l^' eR®C. 



i>0 



According to IIYe2l Lemma 3.18] we have 

(MC(0(,,R)oMC(cl>,K))(a;) =log((0D,RoYR)(e)) = 
log((YRO0c,R)(e)) = (MC(<l),R)oMC(0g,K))(a;). 

This proves commutativity of the diagram. 



□ 
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Theorem 8.13. Let g and f) be DG Lie algebras, let <t> : g ^ 1} be an Loo quasi- 
isomorphism, and let Rbe a parameter algebra, all over the field K. Then the function 

MC{^,R) : MC{g,R) MC(I),K) 



{see Proposition 8.7 1 is bijective. 



The idea for the proof was suggested to us by Van den Bergh. 



Proof. By Lemma 7.3 the DG Lie algebra homomorphism Y : g — > I) is a quasi- 
isomorphism. Therefore by Theorem |4.2| the function 

MC(<I>,R) : MC(g,R) MC(5,K) 

is bijective. 

Next, by ||Hi2l, Proposition 4.4.3(1)] the DG Lie algebra homomorphism : 



— )• g is a quasi-isomorphism. Again using Theorem 4.2 we conclude that the 
function 

MC(^g,K) : MCi~g,R) ^ MC{g,R) 



is bijective. On the other hand, by Lemma 7.2 with the arguments in the proof of 
Lemma [830l we see that 

MC(^g,K)oMC(Vi^) =1mc(s,r)- 

Therefore 

MC(Cg,K)oMC(Vi^) =lMC(g,R)- 

Because MC{^g,R) is a bijection, the same is true for the function MC{6g,R). The 
same line of reasoning says that MC(0f|,K) is bijective. 
Finally consider the commutative diagram of functions 

MC(0,K) ^ — -^MC(f),_R) 



MC{eg,R) 



MC(ef,,R) 



MC(g,K) ^ — ^MC((],_R) 



induced from 1 8.11 1. We know that three of the arrows are bijective; so the fourth 



arrow, namely MC(0, R), is also bijective. □ 

Remark 8.14. Lemma 3.5 in our earlier paper | Yel | says that the canonical func- 
tion 

MC(0,_R) ^ lim MC{g,R/mj) 

H 

is bijective. The proof of this Lemma (which is actually omitted from the paper) 
is incorrect. Moreover, we suspect that statement itself is false. The hidden as- 
sumption was that the gauge group G(0, R) acts on the set MC(0,K) with closed 
orbits. 

This lemma is used to deduce II Yell Corollary 3.10] (incorrectly) from the nilpo- 
tent case. The correction is to replace II Yel I Corollary 3.10] with Theorem |8.13| 
above. The same correction pertains also to IIYe4l formula (12.2)]. 

Remark 8.15. This is a good place to correct a typographical error (repeated 
several times) in [Ye2'. Section 3]. In Lemmas 3.14 and 3.18 of op. cit., instead of 
"mg[l]" the correct expression should be "mg^" or "(mg[l])''". 

Let us also mention that a "colocal coalgebra homomorphism", in the sense of 
||Ye2[ Definition 3.3], is the same as a "unital coalgebra homomorphism". 
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